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The magnetic response of graphene split-ring
metamaterials
Nikitas Papasimakis1, Sukosin Thongrattanasiri2, Nikolay I Zheludev1,3 and FJ Garcı́a de Abajo1,2,4
Graphene has emerged as a promising platform for THz plasmonics, allowing high confinement, long lifetimes and fast electrical
tunability. Here, we predict a strong magnetic dipole response by graphene split nanorings at THz frequencies, allowing the attainment
of metamaterials with a high degree of field confinement (approximately one hundredth of the excitation wavelength) that is not
reachable with conventional noble metals. The magnetic response of highly doped graphene split-rings in the far-infrared is much
stronger than that displayed by gold structures of similar thicknesses. We further explored stacked graphene layers as a practical way of
producing high-frequency magnetism in thin, electrically tunable metamaterials. Our results support the great potential of using
graphene to achieve electrically tunable magnetic metamaterials.
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INTRODUCTION
The last decade has witnessed a vast body of literature on optical
metamaterial designs that defy common intuition with achievements
such as negative refraction1 and magnetic response at high frequencies,2,3 as well as promising applications for perfect lensing,4
invisibility cloaks5 and magnetic resonance imaging.6 In many studies,
split-rings have become a central element because they are capable of
supporting strong induced currents, leading to a resonant magnetic
response down to the near infrared.7 Split-ring resonances can be
driven by the excitation of plasmons that propagate along the ring
circumference, particularly when its length is of the order of half the
plasmon wavelength. This condition leads to the formation of a standing wave that is similar to that of a dipole antenna, as recently demonstrated by electron energy-loss spatially resolved spectroscopy.8
The performances of metamaterials are hampered by optical losses
and by the lack of fast means to tune their spectral response. In this
context, the potential of graphene as a novel plasmonic material has
been considered9,10 because of two important properties that are
advantageous for metamaterial design: (i) graphene plasmons have
short wavelengths compared to the excitation wavelength11,12 and
(ii) the frequencies of these plasmons can be electrically tuned by
injecting charge carriers into the carbon sheet.13–17 Experimental
evidence of these two properties has been recently obtained by spatially mapping localized optical modes in graphene ribbons.18,19 Thus,
graphene split-rings (GSRs) are expected to display resonances for
small sizes compared with traditional noble-metal split-rings. In
1

addition, metamaterials formed by GSRs inherit the tunability of their
atomically thin fabric.
In this paper, we investigate the magnetic response of GSRs.
Specifically, we show that GSRs of suitable nanoscale dimensions
can be used to produce strong magnetic responses under excitation
by the electric field of an incident electromagnetic wave in the THz
regime. Our results are supported by analytical theory and numerical
electromagnetic simulations with the behavior of graphene described
through its dynamic sheet conductivity. The latter can be approximated with the Drude model, which is robust in the low-frequency
and strong-doping regimes,18
sðvÞ~
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where a~e 2 jEF j ph2 is a constant with units of length/(time)2 and is
proportional to the Fermi energy EF. The latter is defined with respect
to the so-called Dirac point
pand
ﬃﬃﬃﬃﬃﬃﬃﬃ depends on the charge carrier concentration n as jEF j~huF pjnj. Here, uF<106 m s21 is the Fermi
velocity.The damping rate c is estimated from the DC mobility m as
c~euF 2 mEF (e.g., h– c51.3 meV for m510 000 cm2 V21 s21 and
EF50.5 eV). Lastly, due to the relatively large size of the GSR resonators (GSRRs), the scattering effects at the edges can be neglected.20
METHODS
Figure 1a shows a characteristic GSR of diameter D51 mm. We
focused on normal-incidence excitation where the electric field is
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Figure 1 (a) A GSR resonator with diameter D, width W and gap distance g. (b) The normal-incidence transmittance (blue) and absorbance (red) spectra of a square splitring array on monolayer graphene (solid curves) and monolayer gold (dotted curves). The geometrical parameters of the metamaterial array are W5g5D/10 with D51 mm for
graphene and D58.19 mm for gold. According to Equation (7), the parameters yield resonance values within the same frequency range. The lattice spacing is 2D for both
cases. Graphene is described by a Drude model with a Fermi energy of EF50.5 eV and a damping constant of c51 meV. Gold is described by its bulk parameters, assuming a
thickness equal to the distance between the (111) atomic planes (t50.29 nm). The incident-field polarization is across the gap (y direction). GSR, graphene split-ring.

polarized across the GSR gap (y direction). This configuration produces an electric dipole along the external field direction and a current
circulating around the ring. The latter generates a magnetic dipole
perpendicular to the ring (z direction). The coupling to the ring is
maximum at a wavelength ,110 mm (..D), as indicated by the GSR
resonance feature observed in the simulated transmission and absorption spectra of Figure 1b, which were obtained by using a finiteelement commercial code. Despite the small (compared to the excitation wavelength) size of the GSR resonators and the atomic thickness,
the metamaterial presented clear resonant spectral features with transmission declining to 94% and absorption reaching 6%.
To understand the GSR response, we derived analytical expressions
for the polarizability of a thin split-ring. Considering the small size of
this structure compared with the excitation wavelength, we could
work within the electrostatic approximation in which the self-consistent potential acting on the graphene is given by
!
ð
!
!
!  ! 
d2 h 0
w h ~wext h zg ! ! +0 :f h 0 +0 w h 0
ð2Þ
j h { h 0j
where wext is the externally applied potential, f is 1 in the graphene area
and 0 elsewhere,21 and the integral term represents the Coulomb potential produced by the induced charge. The latter is from the continuity
equation in terms of the divergence of the induced current, and this is in
turn given by the gradient of w. We used dimensionless spatial units
!
h ~ðx=D,y=D Þ in the plane of the graphene. Equation (2) is also useful
to study inhomogeneously doped graphene, with f proportional to the
local Fermi energy.21 We considered normally incident far-infrared radiation
polarized along y so that the external potential became
 linearly

ext !
w
h ~{hy DE ext . Importantly, the frequency dependence and the
response of the graphene were fully contained inside the dimensionless
parameter g5is(v)/vD. Incidentally, when graphene was placed at the
interface between two dielectrics of permittivities e1 and e2, these expressions remain valid if we multiplied g by 2/(e11e2).22 In matrix notation,
! !0 {1 0 :
ext
Equation
!  (2) reduced to w~w {gM , where M~{j h { h j +
f h 0 +0 is a Hermitian operator.23 It is convenient to expand the
potential in terms of the eigenvectors of M plasmon resonances that
emerge under the condition that 1/g equals one of the real eigenvalues of
this operator, 1/gp. Using Equation (1), the corresponding plasmon
energy was vp2ic/2, where
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The spectral width of the plasmon features was then identical with
the intrinsic damping rate c. This result is consistent with the resonance observed in Figure 1b, which has a quality factor Q5vp/
c<l/Dl<11. Lastly, we obtained the relevant elements of the polarizability tensor from the expressions
ð
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where jind was the induced surface current density in the graphene and
the superscripts E and M stand for the electric and magnetic components,
respectively. The induced current distribution is shown in Figure 2a at the
resonance frequency, with the maximum values in the region opposite of
the gap. Inserting the noted eigenmode expansion in Equation (4) and
assuming a dominant split-ring plasmon mode, we find
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where AE,M and BE,M are real dimensionless constants that only
depend on the geometrical aspect ratios (i.e., g/D and W/D, see
Figure 1a) and vp is given by Equation (3). The resonances beyond
the frequency range of interest contributed to a smooth background
that was captured by BE,M. From the reciprocity theorem, we found
ME
that aEM
yz ~{azy . All of the other components of a were nonresonant; therefore, we dismissed them. In particular, the polarization produced by an external field directed perpendicular to the gap
[along x, see Figure 1a] only produced marginal non-resonant
absorption at levels ,0.1%. To quantify the strength of the magnetic
and electric responses of the GSR resonator array, we introduced the
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Table 1 The fitting parameters AE,M, BE,M and gp in the analytical
expressions Equations (3) and (5) for GSRs with representative values
of the aspect ratios (Figure 1a)
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We were interested in assessing the capabilities of graphene compared
to gold, which is generally regarded as an excellent standard for metamaterial structures. We considered the performance of split-rings fabricated on four different types of thin films: single-layer and stacked (in
which layers can be separated by dielectric spacers24) graphene versus
single-layer (one (111) atomic layer) and thin-film (20 nm) gold, respectively. For sufficiently thin structures (thickness t,,D), the Drude conductivity given by Equation (1) in combination with Equation (5)
remains applicable. Expressingthe parameter a in terms of the bulk
plasma frequency as a~v2bulk t 4p is convenient.
Inﬃ stacked graphene,
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
an effective bulk frequency vbulk ~ð2e=hÞ EF =dz was obtained by
simply multiplying the graphene conductivity by the number of graphene layers. Here, dz is the distance between those layers. Single-layer
graphene is retrieved for t5dz. Considering dz52 nm and EF50.5 eV, we
find that h– vbulk<1.2 eV, compared with ,9 eV for gold.25 Obviously,
there is some flexibility to reach lower vbulk values for graphene by
simply increasing the interlayer spacing dz. In addition, the intrinsic
damping of gold is h– c<70 meV, compared with h– c<1 meV in graphene

~
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Abbreviation: GSR, graphene split-ring.
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Figure 2 (a) The on-resonance induced current in a GSR under the conditions
~ ) polarizability
described in Figure 1b. (b, c) The electric ( P~ ) and magnetic ( M
densities: full simulation (solid curves) compared with the analytical expressions
of Equation (5) for the parameters listed in the first row of Table 1. GSR, graphene
split-ring.
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RESULTS AND DISCUSSION
The results obtained by Equation (5) are shown in Figure 2b and 2c
(dashed curves), together with the results of the numerical simulations
for the polarizability densities (solid curves). The fitted parameters
AE,M and BE,M were independent of frequency, ring size, graphene
quality, and doping; therefore, we used Equation (5) to analyze a wide
range of GSR conditions. The fitting values of AE,M, BE,M and gp are
given in Table 1 for GSRs with their representative geometrical aspect
ratios.
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Figure 3 (a) The confinement factor and (b) the quality factor for single-layer
graphene (red), single- atomic-layer gold (thickness t50.29 nm, blue), 20-nm
gold film (thin gold, cyan) and 10 layers of stacked graphene with an interlayer
spacing of 2 nm (multilayer graphene, magenta). (c) The ratio of the magnetic
~ g to that of gold, M
~ Au . Red corresponds to the
polarizability density of graphene M
ratio of monolayers of the two materials, while magenta refers to the ratio of
stacked graphene to thin gold. The solid regions spanned by graphene correspond to a Fermi energy range of 0.5–1 eV. The loss thresholds associated with
optical phonons in graphene at energies .0.2 eV and with interband transitions
in gold at energies greater than 2.5 eV are indicated by the vertical dotted lines.
The quality factor in (b) is independent of the thickness. Gold is described based
on its measured permittivity.25
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for the levels of doping and mobility under consideration. Therefore,
graphene should allow us to operate well at lower energies than gold.
We compared the performances of these types of thin films
(Figure 3). In particular, we examined the degree of confinement
(Figure 3a), quantified through the ratio of the resonance wavelength
to the ring diameter (l/D), the quality factor Q5vp/c (Figure 3b), and
~ of monolayer
the ratio of the magnetic polarizability density M
(stacked) graphene over that of monolayer (thin) gold. We set the
aspect ratios to W/D5g/D50.1, and we used these expressions with
the ring diameter required to obtain the resonance frequency vp running along the horizontal axis (Equation (3)). Namely,

. 2 
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Considering the realistic mobilities assumed here (m<13 000 cm
V21 s21),26,27 graphene offers a suitable alternative to fabricate resonant split-rings with Q.1 down to the THz regime (Figure 3b) with a
degree of confinement that is greater than what is achieved by noble
metals for similar thicknesses and frequencies (Figure 3a). In fact, at farIR wavelengths (longer than 100 mm), the confinement factor for thin
gold is smaller than one. This finding indicates that in contrast to stacked
graphene, thin gold SRR arrays lie in the diffraction rather than in the
metamaterial regime, whereas the corresponding quality factor is much
smaller than 1. A comparison between the magnetic response of singlelayer gold and single-layer graphene reveals that doped single-layer graphene can provide a stronger magnetic response than single-layer gold at
frequencies higher than ,1 THz. The difference between these two
materials nearly reaches an order of magnitude when considering
strongly doped graphene. The magnetic responses of monolayer and
stacked graphene are considerably weaker than the response of thin gold.
However, this picture could significantly improve with the availability of
higher mobility graphene28 subjected to stronger doping.29,30
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CONCLUSIONS
In conclusion, graphene has emerged as a tunable material that allows
the fabrication of ultrathin metamaterials. A central element of these
metamaterials (split-rings) is shown here, displaying resonances with
unprecedented levels of field confinement. Thus, graphene monolayers can be used to reach the true homogenization limit (D,,l)
with the additional advantage of having an electrically tunable optical
response, which can be beneficial for the fabrication of compact, versatile metamaterials down to the terahertz regime.
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