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Abstract: Toroidal multipoles are the subject of growing interest because of
their unusual electromagnetic properties different from the electric and
magnetic multipoles. In this paper, we present two new related classes of
plasmonic metamaterial composed of purposely arranged of four U-shaped
split ring resonators (SRRs) that show profound resonant toroidal responses
at optical frequencies. The toroidal and magnetic responses were
investigated by the finite-element simulations. A phenomenon of reversed
toroidal responses at higher and lower resonant frequencies has also been
reported between this two related metamaterials which results from the
electric and magnetic dipoles interaction. Finally, we propose a physical
model based on coupled LC circuits to quantitatively analyze the coupled
system of the plasmonic toroidal metamaterials.
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1. Introduction

Toroidal resonance is created by currents flowing on a surface of a doughnut-shaped structure
along its meridians which was first reported by Zel’dovich (1957) in nuclear physics to
explain the parity violation of the weak interaction force [1]. Unlike the electric dipole and
magnetic dipole, the toroidal multipoles are not included in the traditional multipole
expansion. Therefore, the current condguration solely generates toroidal dipole does not
contribute to electric, magnetic dipole or higher multipole moments [2]. In particular, the
unique property of toroidal dipole response is a non-radiating configuration which results
from destructive interference between electromagnetic fields [3]. However, the toroidal dipole
moment in these structures is much weaker than electric or magnetic dipole moment which is
usually neglected. However, one can design an artificial sub-wavelength structure, so called
metamaterials [4-6], to suppress the component of electric or magnetic dipole moment.
Metamaterials are created as an array of artificial sub-wavelength structures, often exhibit
unique optical properties through electric and magnetic dipole resonance which are not found
in nature. Split ring resonator (SRR) is the most common structure of metamaterial, showing
artificial magnetism [7-10], optical chirality [11,12], negative refraction index [13,14] and
allowing for optical spectrum manipulation [15-19].

Toroidal metamaterials were first theoretically proposed by K. Marinov et al in 2007 [20]
and demonstrated toroidal wire windings in a unit cell at microwave by N. Papasimakis et al.
in 2009 [21]. Toroidal response results in strong dependence on the dielectric permittivity of
the host medium, which can make negative index of refraction and rotate polarization state of
light [20,21]. In 2010, toroidal response in microwave region was first experimentally
demonstrated and separated from other multipoles by arranging four three-dimensional
resonant split metallic wire loops in a unit cell of toroidal symmetry by T. Kaelberer et al.
[22]. There are several possible ways to manufacture the three-dimensional SRR structures
[23,24]. However, the dimension and resolution are limited in these methods. In 2011, based
on our prior work, the upright U-shape SRR at nanometer scale was manufactured by using a
double exposure e-beam lithographic process with high alignment technology. The
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misalignment is below 10 nm [10]. It provides a promising fabrication process to investigate
the toroidal response in the optical region.

In this paper, we present two types of toroidal metamaterials, functionality of which is
underpinned by the resonant plasmonic responses of purposely arranged U-shaped SRRs. In
the first type of metamaterial (TM1), toroidal metamolecule consists of four-up U-shaped
SRRs (shown in Fig. 1(b)). In the second type of metamaterial (TM2), toroidal metamolecule
consists of two-up-two-down U-shaped SRRs, as shown in Fig. 1(c). The proposed
metamaterial structures that we investigate in the present work are the first example of
artificial media exhibiting a clear toroidal signature in the optical part of the spectrum.

2. Toroidal metamolecules design and simulation results

We investigated electromagnetic response of toroidal metamaterials, infinite two-dimensional
arrays of toroidal metamolecules. Figures 1(a) to 1(c) show the schematic diagrams of the unit
cells of two types of toroidal metamaterials studied here together with their design parameters
and the polarization state of incident light. In order to purify the resonances and eliminate the
Fabry-Perot effect of the changeable thickness of MgF, in spectra, we assume that gold wires
of the U-shaped SRRs are embedded in a homogeneous dielectric medium, MgF,, as
simulation background.

(a) (b) Toroidal Metamolecule 1~ (¢)  Toroidal Metamolecule 2

Fig. 1. Schematic diagram of the toroidal metamolecules design and the polarization
configuration of incident light. (a) Feature sizes of a SRRs, | = 300 nm, h; = w; = w, =50 nm,
h, =200 nm. The U-shaped SRR play a role as ‘atom’ of toroidal metamolecule. (b) A unit cell
of TM1 consisted by four-up U-shaped SRRs. (c) A unit cell of TM2 consisted by two-up-two-
down U-shaped SRRs . In both Fig. 1(b) and 1(c), the periodicity ax = 1200 nm and, a, = 800
nm, and the distance r from the center of toroidal metamolecule to the geometric center of
SRRs is 300 nm.

The metamaterials transmission spectra were obtained by solving three-dimensional
Maxwell equation with the finite-element method (COMSOL Multiphysics). The refractive
index of the MgF, was assumed to be 1.39 and the permittivity of gold was described by the
Drude model with damping constant, w. = 2r x 6.5 x 10" s* and plasma frequency, wp =21
x 2.175 x 10° s [7].

The simulation of transmittance and reflectance spectra for TM1 and TM2 are shown in
Figs. 2(a) and 2(d), in which two resonances (w1, @ 11 and w1z, w*wp) are clearly seen. Here
the resonance frequencies are wy; = 114.7 THz, w*11 = 119.1 THz, w1, = 112.3 THz, 0*yp =
122.1 THz, where superscript “+” and “-” correspond to the higher and lower energy levels.
The subscripts indicate character of the resonances that will be explained in the following.
Comparing Fig. 2(a) with Fig. 2(d), the toroidal dipole and magnetic dipole are reversed; that
is, the toroidal mode is excited at the higher frequency in the case of TM1 and at the lower
frequency for TM2.

In order to study the resonances of meta-molecule quantitatively, the radiated powers of
the magnitude of electric and magnetic multipoles and toroidal dipole were calculated by the
induced volume current density j in the metal rings of TM1 and TM2 [20-22]:
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electricdipole moment : P= _ij-jd3r, (13)
lo

L 1 .
magnetic dipole moment : M=— (rxj)dSr,

ZCI (1b)
idal di . _1 ; ; 1c
toroidal dipole moment : T—Ef[(rq)r—ZrZJ]d%, (1c)

electric quadrupole moment : Q - {rj +1,j —E(r~j)5 Jdar,
aff |26() alp pa 3 aff (1d)
magnetic quadrupole moment: M, :3—1(:_[[(r>< i)t +(rx j)ﬂ ra}d3r, (1e)

where c is the speed of light and «, £ =X, y, z. In Fig. 2(b) and 2(e), the radiated power of the
multipole moments was calculated from the induced currents [22]:

=S P S e T S el g T ()

Using the Eqg. (2), the radiated powers of TM1 and TM2 as a function of frequency are
shown in Figs. 2(b) and 2(e). In Fig. 2(e), the x-component of the magnetic dipole moment M
is the strongest contribution at resonance w™y,, Which is about 1.53 times stronger than the
electric quadrupole moment. In particular, the strongest contribution to the response at
resonance w'r, is provided by the z-component of the toroidal dipole moment T, which
radiates ~1.56 times stronger than the z-component of the electric dipole moment P,. This
result confirms that downsizing the metamolecules achieves observation of plasmonic toroidal
dipole response at optical frequencies [22]. On the other hand, the radiation peak of T, and My
exchange their position as the direction of two SRRs reversed, which is presented in Fig. 2(b).
In this case, the M, is still the strongest resonance at @ y; (more than P, by a factor of ~3.21).
Owing to the in-phase oscillation of induced electric quadrupole in each erected U-shaped
SRR structure, the radiation power of toroidal dipole moment is smaller than that of electric
quadrupole by a factor of ~5.70 at resonance «"r;. However, the strength of radiated power
corresponding to the T, is much stronger than that of the P, (~2.20 times), M, (~7.63 times)
and magnetic quadrupole moments (more than three orders). It achieves a new plasmonic
metamolecule to excite the toroidal dipole resonance at optical frequencies.

The plasmonic resonances of both metamaterial structures are excited result from the
interference of several contributions. In the TM1 metamaterial the low frequency resonance is
dominated by the magnetic dipole scattering, while the high frequency resonance is
underpinned by resonant quadrupole and toroidal dipole responses. In contrast, in the case of
TM2, toroidal scattering makes the strongest contribution to the low frequency resonance
while magnetic and quadrupole responses dominate in the high frequency resonance.

Figures 2(c) and 2(f) show the hybridization model of TM1 and TM2, respectively. At
first, the resonance energy of two-up U-shaped SRRs and two-down U-shaped SRRs are
degenerated. Due to the coupling effect of front and back pairs of the SRRs, the energy level
of degenerated resonance modes is split into toroidal and magnetic resonances. The coupling
effect in the case of TM2 is stronger than that of TM1 resulted in a more distinguished energy
splitting.
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Fig. 2. Simulated transmittance and reflectance spectra of TM1 (a) and TM2 (d). The
superscript “+” and “-” correspond to the higher and lower energy levels of each TM. The
subscript “M ” and “T ” corresponding to magnetic resonance and toroidal resonance,
respectively. Dispersion of radiated powers of various multipole moments for TM1 (b) and
TM2 (e). Hybridization model of metamolecules for TM1 (c) and TM2 (f). The resonance
energy of two-up U-shaped SRRs and two-down U-shaped SRRs are degenerated. Due to the
coupling effect of SRRs, the energy level of degenerated resonance mode are split into toroidal
and magnetic resonance. It’s notably that the splitting of energy level in the case of TM1 is
larger than that of TM2, and the toroidal resonance of TM1 is excited at higher frequency than
that of TM2.

In order to explore the character of each resonance, numerical simulations of fields and
phenomena of dipoles interaction of the resonances are carried out as below. Magnetic energy
and field distributions at the relevant resonance modes of TM1 and TM2 are shown in Fig. 3.
The first row of Fig. 3 shows the magnetic field distribution (shown in black line) and the
logarithm of magnetic energy (shown in color map). Due to the excitation of the plasmonic
resonances, the magnetic energy is enhanced in the gap of the resonance rings for both
toroidal and magnetic resonances. The magnetic field distribution shows ring-like and dipole-
like profile corresponding to toroidal and magnetic resonance, respectively. The magnetic
energy and field distribution of resonance mode w1, is similar to that of w'r,, as well as the
relation between w’w; and w™v,. The second row shows the z-component current density
(shown in color scale). According to the current density distribution, the schematic diagram of
the induced dipoles was shown in the third row. The incident light induces magnetic dipole
(m) in each of SRRs, which makes current density (j) flow on the surface of each SRRs, and
makes the z-component current density on the boundary of arms with different direction.
There is a phase delay when the external wave passing through the front and back pairs of ring
resonators. Thus, the induced magnetic dipoles of each resonator pair can be composed into
anti-phase oscillating results in the ring-like profile of magnetic dipoles which create toroidal
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resonance (T). In contrast, the induced magnetic dipoles of each resonator pair with in-phase
oscillation produced magnetic resonance (M) [22].
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Fig. 3. Magnetic energy (color map, in logarithm scale), streamline of magnetic field (black
line) and current density of z-component distributions (shown in color in second row) at
respective resonances for the TM1 (a) and TM2 (b). The third row: schematic diagram of
generated magnetic resonance (M) and toroidal resonance (T) in the case of TM1 and TM2.
The magnetic dipole and surface current of a SRR are shown in red and blue arrow,
respectively. The lowest row: schematic diagram of the electric (in blue arrow) and magnetic
(in red arrow) dipoles interactions, which can explain the resonant modes in higher or lower
energy.

The last row of Fig. 3 shows the separation of positive ( + ) and negative (-) charges from
current density and their corresponding electric and magnetic dipoles (p and m). Because of
the electric and magnetic dipoles coupling, the magnetic dipole resonance of a single SRR is
split into magnetic and toroidal resonances by integrating four SRRs together. Subsequently,
according to the calculation of energy of the electric and magnetic dipoles interaction in Ref
[18], the longitudinal electric dipoles show anti-phase (in-phase) at higher (lower) energy. The
transverse magnetic dipoles align in-phase (anti-phase) at higher (lower) energy. In the case of
TML1, the toroidal resonance is excited at the higher frequency than the magnetic resonance
because the longitudinal electric dipole pairs (front and back pairs of the SRRs) show anti-
phase and in-phase configuration, respectively. As a consequence, the electric dipoles
interaction plays a dominated role on determining the energy level of resonant modes.

The energy splitting in the case of TM2 is stronger than that of TM1 because the
arrangement of magnetic and electric dipoles interaction corresponding to the different
interaction energy. For example, in the case of TM2, the toroidal resonance corresponds to in-
phase longitudinal electric and anti-phase transverse magnetic dipoles interaction (see the last
row of Fig. 3(b)), which are both in stable and lower energy components. As a result, the
interactions in each of electric and magnetic dipoles contribute positively in the TM2. In
contrast, the toroidal resonance in the case of TM1 corresponds to the higher energy of
longitudinal electric dipoles interaction (anti-phase) but lower energy of transverse magnetic
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dipoles interaction (anti-phase). The electric and magnetic interactions work against one
another in TM1, which leads to smaller spectral splitting.

3. Analysis of the coupling mechanics

To further quantitatively clarify the dipole coupling and energy splitting, a theoretical analysis
based on four coupled LC circuits is used to analyze the phenomenon of reversed resonance
mode. The resonance frequency of single ring is wo = (LC)™? = 116.7 THz and the Lagrangian
[18,19] of the coupled system is written as

Fo (@G +Q +0)) - (QF +QF+Q +Q)
+ (00 -Q-Q)
_MHQlQS _MHQZQA _MEnglQS _MEngzQA' (3)

where Q, (i = 1,2,3,4) are oscillating charges in the respective SRRs R1 to R4; the first two

terms result from the inductances and the capacitors; L' is the community inductance from
the inner four arms of molecules; M. and M., are the coupling coefficients of the electric

and magnetic dipoles interactions. For Q =Q, =Q,, Q,=Q, =Q, .

. . . . 2
r=1(Q2+Q7)-Leg (Q+Q)+2L'(Q,-Q,)
-2M,Q,Q, ~2M 5 Q,Q,.
Subsequently, adopting the root form of Q :/-\exp(ia)t) and by solving the Euler-
d or or

(4)

Lagrange equations ————-——=0,(i =a,b),the eigen-frequencies of these toroidal
dt oQ,  oQ,
metamolecules can be obtained as
1 .
Wy, = o, ﬁ, withQ, =Q,
1-x,

o =a>oﬂ/114‘—"5. with Q, =-Q,
+4n+ K, )

wheren=L"L, ke =M. /L and x, =M, /L are the normalized coupling coefficients of

the overall interactions, respectively. We suppose that the electric coupling coefficient
changes to x,_, and x, in the different connection cases of TM1 and TM2, while 7 and

are the same. That is to say,
1 1-
Wy =@, 1+KEI , o' =, /¢ for TM1
- Ky 1+4n+k,
1 1-
o, = 1+ &2 o, =0, |——E2 for TM2.
— K, 1+4n+k, (©)

Since the four resonance frequencies of TM1 and TM2 are obtained from simulated
transmittance of Fig. 2, the normalized coupling coefficients can be calculated with those
given resonance frequencies as  =-0.0029, x_, =-0.0912, x;, =0.0298 and «, =0.0592.

The coefficients of magnetic coupling term «,, for these two cases are both positive, while
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that of electric coupling term 4 is negative for four-up SRRs (TM1) and positive for two-
up-two-down SRRs (TM2). The absolute value of &, is larger than «_, , which is similar with

[18]. The electric coupling is stronger than magnetic coupling in the case of TM1, which
provides evidence that electric dipoles interaction plays the dominated role of resonant
frequencies. In the case of TM2, the magnetic coupling is stronger than electric coupling. In
both of these two cases, the community inductance from the inner four arms of molecules is
many smaller than the coupling coefficients of the dipoles interactions.

(@) Transmittance of Tt (D) Transmittance of TM2 (c)
140 140
025
_ M, K
N < E2
130 8 015t~
£ P4 = Ky
> 0_05_\““%:}:
e 120
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Fig. 4. Simulated transmission spectra as a function of radius r of TM1 (a) and TM2 (b). (c)
The normalized coupling coefficients as a function of radius r obtained from the resonance
frequencies in (a) and (b).

Furthermore, we study the energy splitting of magnetic and toroidal resonances by
decreasing the distance r of four SRRs from 450 nm to 200 nm, which means increasing the
couple strength of four SRRs in the TM1 and TM2. The transmittance spectra as a function of
r are shown in Fig. 4(a) and 4(b), respectively. In the case of r = 450 nm, due to weak
coupling of four SRRs, the energy splitting is hardly observed. When r is decreased, the
coupling becomes stronger, the phenomenon of energy splitting is more distinct, resulting in
the toroidal resonance (the higher frequency branch of TM1 and lower frequency branch of
TM2 in Fig. 4(a) and 4(b)). However, the toroidal resonances become weaker as r is
continuously decreased. For example, in the case of r = 200 nm, the toroidal mode is too weak
to be observed. As a result, the toroidal mode is created by increasing the coupling effect of
each ring resonators, but the intensity of toroidal resonance is decreased while the coupling
effect of each SRRs become too stronger. Figure 4(c) shows the numerical calculation results
of normalized coupling coefficients (¢, , x¢,, x,, and 77) as a function of distance r obtained

by solving the Eq. (6) with the resonance frequency of TM1 and TM2 in Figs. 4(a) and 4(b).
The absolute value for the parameters Keps Kep 1 Ky and 7 increase as the radius r decreased.

These parameters provide a quantitative value on the magnitude of the electric/magnetic
dipole coupling.

4. Summary

In summary, we have presented two new related classes of plasmonic metamaterial that show
profound resonant toroidal responses at optical frequencies. Computer simulations and
analytical modeling revealed the toroidal responses in the plasmonic metamaterial composed
of arrangements of U-shaped resonators can be fine controlled by changing the related
position between resonators. Our results clearly indicate that achieving toroidal response at
optical frequencies shall be possible with metamaterial arrays that can be manufactured by
existing nanofabrication technologies. The manufacture of plasmonic toroidal mode in TM1
will be more easily to achieve since the easier fabrication of upright U-shape SRR than the
inverted one. This work providing a way toward promising applications based on toroidal
resonance at optical frequencies.
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