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Structured light, as a general term for arbitrary states of amplitude, phase, and polarization in optical fields,
is highly topical because of a myriad of applications it has fostered. A geometric description to graphically
group classes of structured light has obvious benefits, with some notable advances in analogous Poincaré sphere
(PS) mapping for both spin and orbital angular momentum (OAM), as well as ray-optical PS approaches for
propagation-invariant fields, but all limited in dimensionality they can describe. Here we propose a generalized
SU(2) PS for arbitrary dimensional structured light. The states on it represent extended families of beams with
multidimensional ray-wave structures, accurately described by SU(2) symmetry groups. We outline how to
construct this mapping theoretically, revealing insights into mode transformations involving OAM and geometric
phase, and fully verify its efficacy experimentally. The generality of our approach is evident by the reduction
to prior PS representations as special cases. We also demonstrate an extension of our approach to explain a
more general high-dimensional vector beam. This construction naturally accounts for the salient topology of the
classical PSs while bringing to more new degrees of freedom and dimensions for tailoring a larger variety of
quantum-to-classical structured beams for a variety of applications.
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The Poincaré sphere (PS) is a prominent graphical rep-
resentation of light’s polarization, where all the polarization
states are mapped to its surface through the Stokes parame-
ters as Cartesian coordinates [1]. This geometric connection
provides not only remarkable physical insight but also great
simplification of complex polarization problems, thus becom-
ing a ubiquitous tool to treat structured light phenomena in
numerous and varying fields. For example, in quantum optics
we refer to it for revealing the evolution of two-dimensional
(2D) entangled states [2]. In recent years, the PS has been
generalized into various styles by introducing new degrees
of freedom (DoFs) besides polarization so as to represent
more general quantum states, which largely motivated its
applications in quantum information and quantum-classical
connection [3]. For instance, Padgett and Courtial replaced
the polarization with orbital angular momentum (OAM) and
created the OAM PS to interpret the evolution of transverse
mode, i.e., the transformation between the first-order Hermite-
Gaussian (HG) and Laguerre-Gaussian (LG) modes [4]. Then,
such OAM PS was generalized for high-order HG and LG
modes by the SU(2) basis eigenstate of coherent field [5,6].
Furthermore, if the eigenstates at the two poles are replaced
into right- and left-handed circularly polarized OAM beams
with the same topological charge but of opposite helicity, the
high-order PS is obtained to reveal the spin-orbital coupled
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vector vortex beams [7,8]. By replacing the states at the poles
with two arbitrary OAMs in the high-order PS, the generated
hybrid-order PS can represent an expanded set of vector vor-
tex beams with general spin-to-orbital conversion [9,10].

Beyond these PS models, a ray-optics PS was proposed to
represent geometric rays by the points on its surface, and a
curve rather than a point on which means a family of optical
rays constituting a spatial mode, which can largely extend
the set of represented structured Gaussian beams using a PS
[11]. Apart from the polarization and structured beams, the PS
was also modified to represent structured birefringence, where
spatially varying birefringence is mapped on a hypersphere
projected by the classical PS [12]. These adaptations of the
PS model paved the way for extending newly hatched ap-
plications in imaging [13], communications [14,15], quantum
information [3,16], and metamaterial designs [17-19].

In this Rapid Communication, we propose a generalized PS
for representing the family of structured modes in a form of
SU(2) coherent state [a well-defined superposed state by a set
of SU(2) basis eigenstates [20]], encompassing the evolution
of OAM and SU(2)-symmetric ray trajectories. We show that
the prior PS representations are just specific cases of our
higher-dimensional approach. In this new PS, the orthogonal
bases (OBs) at the two poles are the right- and left-handed
OAM states and the four mutually unbiased bases (MUBs)
on the equator are the geometric modes with coherent state
phases of 0, w /2, 7, and 37 /4. This new PS graphically sim-
plifies the representation of complex structured light, playing
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FIG. 1. (a) Classical PS for polarization states of plane wave. The poles represent right- and left-handed circular polarization, the equator
linear polarization, and intermediate points between the poles and equator elliptical polarization. The northern and southern hemispheres
separate right- (red) and left- (blue) handed ellipticity. States on antipodal points are orthogonal, and any polarization state is given as their
linear combination. (b) OAM PS for OAM states of vortex modes. The poles represent right- and left-handed-OAM LG modes, the equator HG
modes, and intermediate points between the poles and equator elliptical vortex mode. The northern and southern hemispheres separate right-
and left-handed vortices. States on antipodal points are orthogonal, and any mode state is given as their linear combination. (c) HLG PS for
topological transformation of HLG mode. The poles represent the high-order LG modes of opposite OAM, the equator high-order HG modes,
and intermediate points between the poles and the equator HLG mode. The northern and southern hemispheres separate positive and negative
total topological charge. States on antipodal points are orthogonal, and any mode state is given as an SU(2) transformation of eigenmodes. In
(b) and (c), the insets show the transverse pattern (left) and phase (right) of the represented modes of selected points on the PSs.

as a salient toolkit to enrich the technologies of optical ma-
nipulation and quantum information, particularly pertaining
to multidimensional states of classically entangled light.

To begin, consider an arbitrary polarization (spin) state

[¥p) = cos(8/2)e”"“/?|R) + sin(6/2)e/*|L), (D)

which can be mapped on a sphere with Cartesian coordinates
(s1, 82, 83) = (spcos g sin B, s sin ¢ sin 0, 59 cos H), where the
right- and left-handed circular polarizations, |R) and |L), re-
spectively, are at the two poles as the OBs, and the horizontal,
antidiagonal, vertical, and diagonal linear polarizations, |H),
|A), |V), and |D), respectively, are uniformly distributed at the
equator as the four MUBSs, as Fig. 1(a) shows. An analogous
description is given in terms of OAM mode states [4]:

[Wo) = cos(8/2)e“/2|¢;) +sin(0/2)e?1€).  (2)

As the formation of basic OAM PS (¢; = —¢, = 1) [4], the
two OBs are the right- and left-handed LG modes, and the
four MUBs are horizontal, antidiagonal, vertical, and diagonal
HG modes, as shown in Fig. 1(b). The tensor product of
polarization PS and OAM PS, [v,) ® [,), can generate the
high-order PS (for ¢; = —¢,) [7] and hybrid-order PS [9]
representing various vector vortex beams. In these classical
PS models, the two states on any pair of antipodal points are
orthogonal to each other and can play as two eigenstates to
linearly express any state on the same PS with superposition
coefficient related to the angular coordinates.

In order to represent the higher-order modes, the oscillator
model is usually used to express the beam mode as the eigen-
state of coherent field [21], which is given by

(b (B (b))
Tt ot v 0O ©)

hﬁn,m,I) -

where the creation operators yield an SU(2) transformation:

b} e 92 cos(p/2)  €?%sin(p/2) O al
by | = | —e ®2sin(p/2) ©2cos(p/2) 0||all,

b; 0 0 1 a'SI'

“)
where alT (i =1,2,3) are the creation operators of a trans-
versely symmetric harmonic oscillator at x, y, and z axes,
(n, m) are the transverse mode indices at the (x, y) plane, [ is
the longitudinal mode index, and |0, 0, 0) now represents the
fundamental mode Gaussian beam. This generalized form can
be mapped on a new PS by the same angular coordinate just
with a reversed 6, as shown in Fig. 1(c) for (n, m) = (2, 1),
which is actually the Hermite-Laguerre-Gaussian (HLG)
mode PS recently proposed as the higher-order extension of
the fundamental OAM PS [6]. In fact, all prior PS representa-
tions are contained in this formulation: when (n, m) = (0, 1)
or (1,0), the HLG PS [Fig. 1(c)] reverts back to the well-
known OAM PS [Fig. 1(b)]. States on a pair of antipodal
points on the HLG PS are the two orthogonal eigenstates and
any state on the PS is the result of an SU(2) transformation
with corresponding angular coordinates as parameters. In the
HLG PS, the angle ¢ does not introduce a new structure in
the mode pattern, it simply rotates the pattern. In order to
generalize the formulation further, we thus want to replace
the function of the parameter ¢ in order to introduce more
controllable structured beams with PS representation.

Since the HLG mode mapped on a PS can be expressed
as an SU(2) basis eigenstate, we use the SU(2) coherent state
mode as a superposition of a set of eigenmodes [22]. To fur-
ther generalize the PS model, we set the HLG modes as
eigenstates and rewrite the wave packet of the SU(2) coherent
state as

N.P.Q 1 < kg (N 172
|1/fn,m,l > = oN/2 Ze K |1/fn+QK,m,17PK): (5)
K=0
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FIG. 2. (a) SU(2) PS for multipath geometric modes. The poles represent the vortex geometric modes with opposite OAM, the equator
planar geometric modes, and intermediate points between the poles and the equator the elliptical geometric modes. (b) SU(2) PS for Lissajous-
trochoidal parametric surface modes. The poles represent the vortex trochoidal modes with opposite OAM, the equator Lissajous modes, and
intermediate points between the poles and the equator the topological modes between the Lissajous and trochoidal parametric surface. For
both (a) and (b), the northern and southern hemispheres separate positive and negative total OAM. States on antipodal points are orthogonal,
and any mode state is given as an SU(2) superposition of HLG eigenmodes. The insets show the transverse pattern (upper left), phase (lower
left), and classical trajectory (right) of the represented modes of selected points on the PSs. The arrows in the classical trajectories mark the

directions of photon behavior.

where ¢ is the coherent state phase and P/Q (P and Q are
coprime integers) is the ratio of transverse and longitudinal
mode spacings resulting into frequency degeneracy, i.e., the
transverse (x direction) and longitudinal modes of various
eigenmodes should fulfill the condition of coherent superpo-
sition. As a characteristic of the coherent state, the behavior
of the wave packet should be coupled with the classical
movement trajectory of the corresponding Hamiltonian, the
classical trajectory of which can be expressed by [21]

Xb e cos(p/2)  €“sin(p/2) O x
W | = | —e®?sin(p/2) € cos(p/2) O] ya |
Zb 0 0 1 Za

(6)
where (xp, v, 2p) represents the trajectory of classical move-
ment yielded by the Hamiltonian A = Z?:l (bjbi + 1/2)hw;
(w; are the oscillator component frequencies, i =1,2,3 =
X, ¥, z). Specifically when m =0, (xp, yp, 2) represents the
multiray trajectory located on a ruled uniparted hyperboloid
and the SU(2) coherent state mode is a multipath geometric
mode located on the rays; when |m| > 0, the fundamental
beams on the multipath rays would be replaced by high-order
mode beams, resulting into multiaxis HLG beams [23].
This enables us to map the SU(2) coherent state onto
a new generalized PS with angular coordinates (¢, 6)
covering the original (¢, ), namely, a SU(2) PS, as shown in
Fig. 2(a) for the geometric mode for the case of P/Q = 1/6
(n =12, m = 0, N = 8). This representation reveals physical
significance, for example, the topological evolution of the
geometric mode coupled with the classical ray trajectory and
OAM can be vividly revealed, where the evolution from the

equator to the poles corresponds to the process of introducing
OAM to the mode. Moreover, when Q — oo, the geometric
mode can be approximated to an HLG eigenstate [24] and the
SU(2) PS can be reduced into an HLG PS.

More generally, if the oscillator components at the trans-
verse plane are coupled into frequency degeneracy [21], the
SU(2) coherent state evolves into

Nqu
|¢nml

1 Y 12
2_Z ( ) |Vt pk.mtax.i—px)s  (7)
K=

where (p, q) is a pair of integers yielding Q = p+ ¢ and
wy/wy = p/q, which can represent more generalized struc-
tured beams that are similarly mapped on the SU(2) PS with
the angular coordinate (¢, ). In this case, the classical tra-
jectory (x4, Y4, 24) represents a Lissajous parametric surface
as shown in Fig. 2(b) for P/Q = 1/4 and p/qg = —1/5 (n =
20, m = 40, N = 6). In this generalized SU(2) PS, a point
on the equator represents a coherent state mode located on
a three-dimensional (3D) Lissajous parametric surface with a
transverse wave packet located on a specific two-dimensional
(2D) Lissajous curve [21,25] With the point moving to the
poles, i.e., the introduction of OAM, the mode can be topolog-
ically transformed into the mode located on a 3D trochoidal
parametric surface with transverse wave packet located on a
specific 2D trochoid [21,26]. In the SU(2) PS, the coherent
states on a pair of antipodal points are orthogonal to each
other, and any coherent state is the SU(2) wave-packet super-
position with the corresponding HLG modes as eigenstates on
the same point of the PS. Thus the OAM PS and HLG PS are
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FIG. 3. Experimental generation of modes on specific routes
(marked in red and blue) on the SU(2) PS, including multipath
geometric modes (in gray region) and Lissajous-trochoidal modes (in
brown region). The green route starts from point A (0,0) to B (®, 0),
then to the north pole C (®, 7 /2).

the special cases of the general SU(2) PS (see Supplemental
Material Secs. I and II [27]).

It is pertinent to discuss some properties of the SU(2) PS
akin to the classical PS. In the polarization PS or OAM PS,
the points approaching a pole along different paths on the
surface result in the same circular mode but with different
phases, yielded by the effect of geometric phase [28]. For
instance, as for the PS shown in Fig. 3, we consider two modes
represented by the same north pole C; the first mode ¥¢ is
directly transported from point A along the zero meridian, and
the second ¢ firstly travel from A to B along the equator with
a longitude angle of ® and then to C along the corresponding
meridian. Modes ¢ and ¥ represent the same circular mode
but with a phase difference of ®/2. This implies that the
circular mode of v is obtained via rotating the mode ¢
by an angle ®/2. The two indistinguishable circular modes
at pole C arise from the rotation-invariant amplitude pattern
(the circular polarization or the annular LG mode). But this
rotational invariance is just a special case (Q — o0) of SU(2)
symmetry, where the mode is invariant after rotating through
an angle of 2 /Q. Thus for the SU(2) PS, besides the original
geometric phase ®/2, another rotation angle of ®/Q should
be added (for the degeneracy ratio of P/Q). Thus the geomet-
ric phase for our SU(2) PS is consistent with the traditional
theory (see Supplemental Material Sec. III [27]).

The angles ¢ and 6 also have clear physical significance.
The coherent state phase ¢ is related to the topology of
the periodic trajectory of the oscillating geometric modes
in a degenerate laser cavity, and can be controlled by se-
lective pumping [22,29]. The angle 6 is related to the
OAM controlled by an astigmatic mode converter [30-32].

FIG. 4. Generalized SU(2) structured vector beam: the spatial
wave-packet structure is determined by an SU(2) PS (purple) and
the light on each ray state can be modulated into an arbitrary state of
polarization on the polarization PS (green).

These insights lend themselves to immediate experimental im-
plementation: we can controllably generate the modes around
a circle across the poles on the SU(2) PS, as the blue (¢ = 0 or
2m) and red routes (¢ = 7 /2 or 3w /2) show in Fig. 3, with the
experimental results for both multipath geometric modes and
Lissajous-trochoidal modes (see Supplemental Material Sec.
IV [27]). Whereas, the selected pumping method is hard to
realize a continuous change of ¢ [33]. Thus it is still a target
in the future to fully and controllably generate all modes on
the SU(2) PS.

Further, our framework can make a clear transition from
the conventional cylindrical vector beams (represented by the
prior high-order PS [7,9]) to more general multi-DoF and
high-dimensional vector beams. For example, modulation of
the polarization on each ray path of an SU(2) PS mode leads to
novel vector beams not yet observed, as shown in Fig. 4. Such
fields encompassing higher dimensions cannot be described
within existing PS frameworks and breaks the conventional
paradigm of the 2D vector beam so entrenched in our thinking.

This SU(2) PS geometric representation can open up a
myriad of applications. For example, the 3D ray-wave struc-
ture makes clear new controllable DoFs in both the transverse
and axial directions, rather than the classical transversely
symmetrical and propagation-invariant OAM modes, which
is a special case of our new model. In other words, this
framework allows one to see more generalized OAM evo-
lution in a 3D wave packet and provides a clear roadmap
to multi-DoF high-dimensional states of structured light. To
give an example from quantum structured light, conventional
OAM-entangled photon pairs with LG modes comprise a one-
DoF infinite-dimensional state »_ a,|¢)| — £) [34] because
the angular position is undetectable due to the rotation in-
variance of traditional OAM modes. Using the SU(2) PS
framework, we find the potential to move off this position
on our PS allowing the angular position DoF to be used, for
OAM-entangled photons in two DoFs ) " ay 4|¢, )| — £, —¢),
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for higher-capacity quantum and classical communications
[14-16]. Similar approaches will surely inspire advances in
the traditional applications of such structured light, e.g., real-
izing generalized optical tweezers with more complex particle
control [35,36], and laser machining of more exotic shapes on
functional materials [37], to name but a few. Another inter-
esting extension would be to control the caustics to shape the
coupled light beam [38], akin to Airy beams [39], which has
a specific parabolic caustic ray structure, while our SU(2) PS
mode can break this limit with more general 3D ray-coupled
properties. The ray-wave duality mode also has direct rele-
vance to many other fundamental physical effects such as the
trajectory-spin coupling in the optical spin-Hall effect [40]
and ray-wave chaos in microlasers [41,42].

In summary, our SU(2) PS is a very general representation
for structured beams, reducing to the existing PSs under spe-
cial conditions. The topological evolution of planar and vortex

SU(2) geometric modes can be fully mapped on the SU(2)
PS. It represents the evolution of not only 2D mode patterns
but also 3D wave packets coupled with classical trajectories
for multidimensional structured light. Moreover, it also has
the potential to be extended to include spin-orbital coupling.
Therefore, the SU(2) PS proposed and demonstrated here
offers a useful tool to graphically represent a large family of
structured beams carrying OAM, with more DoFs and dimen-
sions for further extending new theories and applications of
structured light manipulation in quantum-to-classical optics.
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