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Graphene has emerged as a promising platform for THz metasurfaces supporting electrically tunable
deep-subwavelength plasmonic excitations. Here, we introduce a broadband graphene metasurface based
on the Hilbert curve, a continuous, space-filling fractal. We demonstrate the enhancement of graphene
absorption over a broad frequency band (0.5–60 THz) with an average absorption level exceeding 20%.
Owing to the continuous nature of the metasurface patterns, both the absorption level and the bandwidth
can be controlled electrically by varying the graphene charge-carrier concentration.
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I. INTRODUCTION
Structuring materials at the subwavelength scale has led to
the emergence of metamaterials, a paradigm shift in the
design of artificial electromagnetic materials [1–8] resulting
in technologically important, as well as exotic, applications,
including perfect lenses [9], invisibility cloaks [10], and
perfect absorbers [11]. The properties of metamaterials
largely arise from resonant dispersion, where material loss
imposes a trade-off between the strength and bandwidth of
the metamaterial response [12,13]. In particular, with respect
to perfect absorbers, various schemes have been suggested in
order to achieve strong absorption in gigahertz [14], terahertz
[15], and visible [16] parts of the spectrum. In most cases, a
metasurface (a single metamaterial layer [17]) is combined
with a metallic mirror separated by a dielectric spacer of
subwavelength thickness [18–20]. The bandwidth of such an
absorber is generally narrow due to its resonance nature.
Typical approaches aiming at increasing the absorption
bandwidth include combining multiple narrow absorption
lines by vertically stacking metasurfaces [21–23], incorporating resonators with different resonance frequencies into
the metasurface unit cell [24], or simply employing multiple
plasmonic resonances of a single resonator [25]. However,
such methods often result in complex, bulky configurations,
with little tunability. Graphene, a monolayer of carbon
atoms, provides an appealing alternative: owing to its band
structure, graphene supports plasmonic excitations at the
deep subwavelength scale [26]. Plasmonic resonators can be
realized by structuring graphene at the nanoscale [27–29],
which can then be employed to construct graphene metasurfaces targeting the THz part of the spectrum [30–34]. At
the same time, the high sensitivity of the electromagnetic
*
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properties of graphene to the charge-carrier concentration
[35] provides a means of electrical control of plasmons
[36–38]. In addition to tunability, graphene as a plasmonic
material allows us to strongly confine electromagnetic
radiation to much smaller physical volumes compared to
typical metals. For example, the plasmon wavelength for
graphene is about 50× smaller than the free-space wavelength, while for noble metals this is an order of magnitude
smaller [26,29]. Such strong field confinement enables the
realization of very complex graphene structures while
retaining a subwavelength footprint. Graphene exhibits
broadband nonlinearities and high thermal conductivity,
whereas its atomic thickness facilitates device integration.
Here, we introduce fractal graphene metasurfaces as
tunable, broadband THz absorbers of monoatomic thickness [see Fig. 1(a)]. We demonstrate multifold enhancement of absorption over an extremely broad frequency
band, where average absorption levels exceed 20% from
0.5 to 60 THz in strongly doped graphene. We show that
the absorption band is strongly dependent on the chargecarrier concentration enabling dynamic electrostatic control
of the metasurface properties.
II. STRUCTURAL DESIGN OF FRACTAL
GRAPHENE METASURFACES
The Hilbert curve, a continuous fractal space-filling
curve [39], can be constructed by following simple iterative
rules [see Fig. 1(b)]: starting with a U-shaped element, at
each level the curve is composed from the previous level by
a combined scaling, translation, and rotation operation,
resulting in patterns of increasing density and complexity.
In the limit where the process is repeated to infinity, the
Hilbert curve fully fills the 2D plane, while remaining
essentially one dimensional. Owing to its hierarchical
structuring, the Hilbert curve has been employed in the
design of broadband electromagnetic components allowing
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FIG. 1. (a) Schematic illustration of strongly absorbing Hilbert graphene metasurfaces. (b) Iterative construction of the Hilbert curve,
for the first five (I–V) levels. Each level is constructed from the previous one by scaling, translation and rotation as indicated by the color
scheme. For all levels, the curve is contained in a ð3.2 × 3.2Þ-μm2 area, while its linewidth is 15 nm.

for long electrical lengths and small footprints. Examples
include multiband antenna arrays [40], high impedance
metasurfaces [41], isotropic broadband metamaterials [42],
transparent electrodes [43], and substrates for surfaceenhanced Raman scattering [44]. Moreover, metallic metasurfaces with Hilbert curve and other fractal designs have
been combined with graphene, in order to realize absorbers
[45] and photodetectors [46]. Here, we demonstrate a
wideband operation of a single-layer graphene absorber
with a Hilbert design. At all levels of the Hilbert curve
studied here, the footprint remains fixed at 3.2 × 3.2 μm2 .
The linewidth is considered to be 15 nm, which is
accessible with standard fabrication methods [29].
A representative image of strong absorption in a fractal
single-layer graphene metasurface in this work is shown in
Fig. 1(a). The fractal graphene metasurface is illuminated by
an electromagnetic wave with frequency within the resonance band of the structure. As a result of resonant plasmon
excitation and accompanying enhanced local electromagnetic fields (hot spots), the incident wave is strongly
absorbed. We study numerically metamaterial arrays of such
elements, where each unit cell comprises a single fractal
curve. We consider two complementary families of graphene
Hilbert structures (positive and negative) of levels I to V
[see Fig. 1(b)] and study numerically their absorption
behavior under normal incidence illumination. All calculations are performed by a finite element solver (COMSOL).
Graphene is modeled as an infinitely thin layer with surface
conductivity according to the Drude model. By neglecting
interband transitions as well as the effect of temperature
(T ¼ 0) the conductivity of graphene is given by [27,30,47]
σ¼

e2 Ef i
;
πℏ2 ω þ iγ

ð1Þ

where e is the electron charge, Ef is the Fermi energy,
and γ ¼ ev2F =μEf is the damping rate. Here, vF ¼ 106 m=s
is the Fermi velocity [48] and μ is the mobility. In our

simulations, the mobility varies between 500 and
10 000 cm2 =V s, typical values for large-area graphene
fabricated by chemical vapor deposition [49]. By substituting for the doping level (Fermi energy) and frequency in
Eq. (1), the complex, frequency-dependent permittivity is
readily obtained. The range of values for key parameters,
such as the Drude weight and damping rate, are listed in the
Supplemental Material [50] (Table S1). These values are
consistent with the experimental data [47,51].
III. BROADBAND INFRARED ABSORPTION
The absorption spectra for positive and negative structures are shown in Figs. 2(b) and 2(b), respectively, for
levels I, III, and V at moderate graphene doping levels
(corresponding to a Fermi energy of 0.5 eV or a carrier
concentration of ∼1.83 × 1013 cm−2 with a mobility of
10 000 cm2 =V s). In essence, level I is a split-ring resonator, a common building block for metamaterials and
metasurfaces, exhibiting a well-defined resonance at
2.27 THz, which is related to the total length of the
graphene wire. Less pronounced higher-order resonances
are visible at 3.74 and 5.02 THz [see Fig. 2(a), top panel].
The complementary (negative) structure [see Fig. 2(b)]
under illumination with the orthogonal polarization (electric field along the y axis) exhibits a similar series of
resonances, with much higher absorption levels reaching
∼50%, the limit for planar structures [28]. By increasing
the level of the Hilbert curve, the absorption spectrum
becomes more complex with multiple resonances covering
an increasingly broad frequency range for both positive
and negative designs. At the same time, the fundamental
resonance moves to increasingly lower frequencies due to
the longer electrical length of the metasurface. Illumination
of the positive (negative) Hilbert metasurfaces with the
orthogonal polarization, along the y axis (x axis), results in
a similar behavior (see the Supplemental Material [50] for
details).
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FIG. 2. Simulated absorption spectra for (a) positive and (b) negative graphene Hilbert structures of levels I, III, and V. The insets show
the low frequency region of the absorption spectra. Schematics on the right side show the corresponding graphene structures, where red
arrows indicate the electric-field orientation of the incident wave. The magenta dashed line in (b), top panel, represents the absorption of
unstructured graphene for comparison. The Fermi energy is 0.5 eV for all presented cases, which corresponds to a charge-carrier
concentration of ∼1.83 × 1013 ðcm−2 Þ. Absorption spectra of all five levels can be found in the Supplemental Material [50].

FIG. 3. The electromagnetic field maps for (a) positive and (b) graphene Hilbert structures (of levels I, III, and V) at three lowest-order
resonances (from top to bottom). In order to clearly identify the resonant modes, Ez and Hz are shown for positive and negative graphene
Hilbert structures, respectively. The red arrows show the direction of the incident electric field.
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To investigate the origin of the resonant behavior of the
graphene Hilbert curves, we present in Fig. 3 the electric
and magnetic field distributions in the vicinity of the
graphene layer (for the three lowest-order resonances) for
both positive and negative graphene Hilbert structures of
levels I, III, and V. We illustrate the resonance excitations
of the positive Hilbert curves by looking at the z
component of the electric near-field distribution, which
indicates the areas of charge concentration. Similarly, in
the case of negative Hilbert curves, the excitations can be
understood by looking at (fictional) magnetic charges
[52,53], as illustrated by the z component of the magnetic
field. The first level of the positive Hilbert curve is
similar to a split-ring resonator (SRR) and as such it
shows a fundamental resonance, with a half-wavelength
standing-wave current configuration (λp =2, where λp is
the effective graphene plasmon wavelength) along its
length [see Fig. 3(a), top row, left panel]. Its complementary structure, a SRR-shaped aperture, demonstrates a
similar behavior, with effective “magnetic currents”
replacing the electric ones [see Fig. 3(b) top row, left
panel]. At higher-order resonances, the electric (magnetic)
field maps for the positive (negative) Hilbert curves of
level I indicate an increasing number of nodes of the
standing-wave excitation [see Figs. 3(a) and 3(b), left
columns]. In the case of higher levels [see Figs. 3(a)
and 3(b), middle and right columns], the length of the
Hilbert curve increases considerably and the excitations

rapidly become complex, with different regions of the
structure resonating at different frequencies.
IV. DISCUSSION
The broadband response of the graphene Hilbert curve
depends strongly on both the intrinsic loss (mobility) and
doping levels. In Fig. 4(a), we show the dependence of the
absorption spectrum of the graphene Hilbert metasurface
(level V) under y-polarized illumination on the mobility,
assuming a 0.5-eV fixed doping. At low mobility values, the
absorption resonances are broad and partially overlap.
Increasing the mobility leads to a decrease of dissipation
loss and hence narrower resonances. At the same time,
however, the graphene metasurface scatters more strongly,
leading to substantial radiation loss because of the stronger
reflection associated with higher mobility (see the
Supplemental Material [50] for details). The dependence
of the absorption spectrum on doping is shown in Figs. 4(b)
and 4(c). In contrast to the absorption spectra of unstructured
graphene which depend weakly on the doping levels [filled
circles, Fig. 4(c)], in the case of the Hilbert metasurface,
increasing the number of charge carriers in graphene affects
both the strength and position of the resonances. As the
Fermi energy is increased, resonances blueshift, as expected
from Drude model considerations [27]. This resonance shift
can also be realized by the change of carrier density when the
interband transition is taken into account. As a graphene
layer doped with more carrier densities, resonance features
FIG. 4. Absorption of the
level-V negative graphene
Hilbert structures under
y-polarized illumination with
varying (a) mobility and
(b) Fermi energy. The Fermi
energy and mobility is fixed
at 0.5 eVand 10 000 cm2 =V s
for (a) and (b), respectively.
The gray areas indicate
the nonvalidity region of the
Drude model due to the
onset of interband transition.
(c) Cross sections from (b) for
Fermi energies 0.05 eV
(olive), 0.5 eV (red), and
1 eV (blue). Solid lines: negative graphene Hilbert structures. Dots: unstructured
graphene layer.
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FIG. 5. Absorption bandwidth (blue curves) and average absorption (magenta curves) as a function of (a) the Hilbert curve level and
(b) Fermi energy. The level-V negative graphene Hilbert structure is considered for (b). The olive dashed line indicates the upper limit of
the frequency range used in our simulations. All cases are studied by using y-polarized illumination. In both (a) and (b) the mobility is
fixed at 10 000 cm2 =V s. In (a) the Fermi energy is fixed at 0.5 eV.

with electron-hole pair transition occur under photon absorption with higher energy, resulting in a resonance blueshift.
This is attributed to intrinsic properties of graphene and
therefore is independent with graphene structures [47,54].
The absorption enhancement can be explained by considering that, in the absence of quenching, increasing the
number of carriers effectively increases the probability of
virtual electron-hole pair transition by photon and decreases
the damping rate.
The performance of the graphene Hilbert absorbers can be
quantified by the absorption bandwidth (defined as the
frequency range over which the absorption of the metasurface is higher than the absorption of unstructured graphene)
and by the average absorption over this bandwidth. The
dependence of these metrics on the level of the Hilbert curve
is shown in Fig. 5. Increasing the level of the Hilbert curve
leads to a substantial enhancement of the absorption bandwidth, as a result of the multiresonant spectral features [see
Fig. 5(a)]. At the same time, the average absorption displays
a nonmonotonic behavior with a peak of ∼22.5% for the
level-II negative curve. This is attributed to the increase in
length of the pattern with increasing the level of the Hilbert
curve, which renders the fundamental and lower-order
resonances inaccessible as they redshift outside the frequency range considered here. On the other hand, increasing
the levels of doping leads to a substantial enhancement of the
average absorption from ∼3% at 0.05 eV to ∼22% at 1 eV
over a broad bandwidth of ∼60 THz [see Fig. 5(b)]. This is a
direct result of the blueshift of the metasurface’s absorption
resonances with increasing doping, hence allowing the
excitation of lower-order modes.
V. CONCLUSION
The graphene metasurfaces studied in this work exhibit
remarkably high values of absorption, when one considers

their monoatomic thickness and that, in contrast to typical
approaches [28], no metallic mirror is present. In the case of
a negative level-I Hilbert metasurface (essentially an array
of complementary SRRs) resonant absorption reaches 50%,
which is the limit for planar structures in a symmetric
environment. The negative level-V metasurface exhibits an
absorption bandwidth as wide as 60 THz (almost 190% of
the center frequency) covering the midinfrared and terahertz spectral range with a ∼22% average absorption. To
the best of our knowledge, this is the highest absorption
value over such a broad bandwidth in an atomically thin
layer [5,28,55–58]. Varying the graphene Fermi energy
level within a routinely accessible range (<1 eV) leads to
order of magnitude changes in both absorption levels and
bandwidth. Further improvements in the absorption levels
can be achieved by coupling the graphene Hilbert metasurface to other types of broadband resonant systems [59,60],
although leading to less compact and more complex
configurations. Finally, our results offer a way towards
the development of tunable THz absorbers enabling applications in sensing and energy harvesting.
In summary, we have investigated the THz response of
both positive and negative graphene Hilbert metasurfaces
of levels from I to V throughout the midinfrared and
terahertz range. We show numerically that graphene fractal
metasurfaces can exhibit a broad absorption band that can
be dynamically controlled by adjusting the Fermi energy
level. The suggested designs lie within the reach of current
nanofabrication capabilities. Any fabrication imperfections
will result in two main effects: a small shift of the resonance
frequencies and inhomogeneous broadening, and an
increase in losses by increasing scattering. The former is
of little consequence for our aims, where we target broadband operation, while the second is expected to be
negligible, due to the large mismatch between the
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plasmonic and the free-space wavelengths (2 orders of
magnitude difference). It is worth emphasizing that owing
to the tunability of graphene, our approach can be combined with the dynamic modulation of conductivity, enabling applications in polarization modulation [61] with
high operation speed. The time-dependent conductivity is
also promising for the development of a tunable frequency
comb generation [62]. These results offer a way towards the
development of tunable absorbers enabling applications in
terahertz and infrared detection and modulation for graphene photonics and optoelectronics.
The data from this paper can be obtained from the
University of Southampton ePrints research repository [63].
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